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Abstract 
Set pair analysis (SPA) is a new method to describe and process the system uncertainty and has been applied in many 
areas recently. In view of the uncertainty and complexity in the process of water quality evaluation of water supply 
networks, the paper introduced a new model-varying coefficient of discrepancy degree based on set pair analysis 
theory. In the model, a new effective method to the determination of discrepancy degree coefficient i is suggested. 
As an example, the paper evaluated water quality conditions of water supply networks from 3 monitoring spots by the 
model. The results of the assessment are in concordance with other evaluation methods. Compared with the other 
evaluation method, this model is perfect, the evaluating result is more reasonable and its resolving power is higher.   
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1. Introduction 
The water supply network due to the increasing use of water quality deterioration, brings many 
problems affecting normal water supply, evaluating the quality of drinking water from the treatment plant 
to the consumers tap is critical to ensure compliance with national standards [1]. The water evaluation for 
water supply network is helpful to find out the water quality current status and puts forward the 
corresponding countermeasures to the protection of water sources. Consequently, the water quality 
evaluation for water supply network is popularly applied at home and abroad [2].The comprehensive 
evaluation of water quality for water supply network is an all-round system recognition and judgment. 
Evaluation systems usually have multi-grades involving multi-factors, with complex nonlinear relations 
between inter-related and interrestricted evaluation factors and grades, leading to the uncertainty of the 
evaluation systems. With 
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to precisely reflect the real states of systems with the regular evaluation methods. Traditional evaluation 
analysis methods such as individual and comprehensive index method, fuzzy comprehensive evaluation 
method, grey clustering method, matter element analysis method, projection pursuit method and artificial 
neural network method have been applied to many fields including water quality evaluation [3, 4]. Though 
most of the above methods can be applied in practice to a certain degree, common defects may exist such 
as their complexity, a lot of mathematical knowledge required, implementation difficulty and inconvenient 
application. In this paper, we attempt to develop a new approach to water quality assessment for the 
framework based on set pair analysis (SPA). The proposed approach, namely the varying coefficient of 
discrepancy degree (VCDD), displays its advantage of simplicity and effectiveness in our case studies. 
2. Methodology 
2.1. Basic principle of set pair analysis 
The set pair analysis (SPA) considers both certainties and uncertainties as an integrated certain-
uncertain system and depicting the certainty and uncertainty systematically from three aspects as identity, 
discrepancy and contrary. The basic idea of SPA is to analyze the features of a couple of sets (set-pair) 
and set up a connection degree of these two sets including identity degree, discrepancy degree and 
contrary degree under certain circumstances. SPA based on researches have been conducted in many 
fields [5]. Let set A and relative set B construct a set pair H (A, B). N terms in A, that is, 1a , 2a na  
are used to show the characteristics of set A. Similarly, N terms in B, that is, 1b , 2b nb , are used to 
show the characteristics of set B. To investigate the relationship of H (A, B) and judge its good or bad 
degree, the definition of the connection degree of a set pair is as follows [6]: 
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where N is the total number of features, S is the number of identity features, and P is the number of 
contrary features, of the set pair discussed. PSNF is the number of features of the two sets that are 
neither identity nor contrary. NS / , NF / , and NP / are called identity degree, discrepancy degree, and 
contrary degree of the two sets under certain circumstances respectively. The j is the coefficient the 
contrary degree, and is specified as -1. The i is the coefficient of the discrepancy degree, and is an 
uncertain value between -1 and 1 in terms of various circumstances.  
Given NSa / , NFb / , NPc / , Eq. (1) can be rewritten as follows: 
cjbiaBA )(                                                                                (2) 
Eq. (1) and (2) are the general connection degree, which is called the 3-element connection degree. 
The multi-element connection degree can be obtained is further expanded into nnib . For example, in order 
to make the researched problem simple, when n=3, the 5-element connection degree can be written as 
follows:  
54332211)( ciibibibaiBA                                                   (3) 
where, ,a ,1b ,2b ,3b ]1 ,0[c and 1321 cbbba , a represents the identical degree of the set pair 
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when 11i ; ,1b ,2b 3b  represent discrepancy degree of the set pair, which are also explained as the 
different grades of the discrepancy degree, such as mild discrepancy, moderate discrepancy and severe 
discrepancy; c represents contrary degree of the set pair when 15i . ,2i ,3i 4i  are the coefficients of 
the discrepancy degree, and are some uncertain values between -1 and 1, i.e. ]1  ,1[i . 
2.2. Determining the expression of connection degree 
The quantitative indexes of evaluating object are made up into a set, and the corresponding evaluation 
criterions are combined into another set. The two set form a set pair. The set combined by the indexes is 
various along with the different evaluation criterions. For a problem, the index of the water quality 
samples and evaluation standard of water supply networks can be considered as one set pair. Based on 
these fuzzy evaluation criteria, the related pollution levels of water quality of water supply networks were 
categorized into grade , grade , grade , grade  and grade . 
Assume sample index value lx  as set lA , where ml 2,1 and m is the number of assessment 
indexes. Also assume the corresponding assessment standard as set kB , where Kk ,,2,1 , and K is the 
number of assessment grades. For one water quality sample, it is assumed that the number of evaluation 
in indexes are N , in which the number of indexes are S , 1F , 2F , 3F , P , respectively whose value are 
coincident with the degree of grade grade , grade , grade  and grade  in the evaluation 
standard. Then the expression of connection degree can be determined through SPA towards ( kl BA , ) as 
follows: 
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where the meaning of 4321 ,,, iiii and 5i are the coefficients of discrepancy degree. 
2.3. Determining the coefficient of the discrepancy degree 
The core of SPA is determining connection degree which is the key of evaluation results. Theoretically, 
the value of i ranges from -1 to 1. Based on the principle of SPA, the closer the evaluation object is to the 
grade, the closer the value of i is to 1, while the closer the evaluation object is to the separated grade, the 
closer the value of i is to -1. At present, the value of i can be calculated by some methods (proportion 
method, mean method, probability method and function simulating method etc.). Take the connection 
degree of BAi as an example, based on the problem researched in the paper, the evaluation index is 
; i.e. 11i ; it is contrary  i.e. 15i . It is 
discrepancy  to grade . According to principle of equally sharing connection 
coefficient to determine the value of 432 ,, iii i.e. 2/1,0,2/1 432 iii . The different i value 
of BAi , BAi , BAi and BAi are shown in Table 1 [7].  
2.4. Calculating of the grade of water quality status 
  Usually, the maximum membership degree is used for water quality evaluation of water supply 
networks. To avoid causing inaccurate assessment, the eigenvalue j is adopted to water quality 
evaluation of water supply networks. For example, 8.2j  means that the evaluated water quality is at a 
coarse grade of  but biased towards grade . More exactly, the water quality is evaluated at a grade of 
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2.8. The grades of evaluation could be defined through the following Eq. (5) [8]:  
Table 1. i value of between different grade and the evaluation index.  
i value BAi  BAi  BAi  BAi  BAi  
1i  1 1/3 -1 -1 -1 
2i  1/2 1 0 -1/3 -1/2 
3i  0 1/3 1 1/3 0 
4i  -1/2 -1/3 0 1 1/2 
5i  -1 -1 -1 1/3 1 
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where, Max ( ij ) and Min ( ij ) are the maximum value and minimum value of the j-th connection 
degree respectively, ij is the comprehensive connection degree of the j-th grade. 
3. Case  study  
The water quality of water supply networks is divided into five grades (Table 2) by selecting 14 
evaluation indexes for three monitoring spots following the national criterion CJ/T 206-2005. The 
situation of five grades are best ( ), better ( ), usual ( ), worse ( ) and worst ( ) respectively. At 
the same time Table 3 shows the sample indexes values about the three monitoring spots. To examine the 
feasibility and effectiveness of the VCDD method, the suggested method has been applied to water 
quality assessment.  
Table 2. Criterion of  water quality of  water  supply networks. 
Evaluation indexes      
Chroma (mg/L) 7.5 15.0 30.0 40.0 40.0 
Foul and taste 0.0 1.0 2.0 3.0 3.0 
Turbidity (NTU) 0.0 1.0 3.0 5.0 5.0 
Total dissolved solids (mg/L) 500.0 1000.0 1500.0 2000.0 2000.0 
Sulfate (mg/L) 125.0 250.0 400.0 600.0 600.0 
Chloride (mg/L) 125.0 250.0 400.0 600.0 600.0 
Total hardness (mg/L) 200.0 450.0 650.0 800.0 800.0 
Fe (mg/L) 0.15 0.30 1.00 2.00 2.00 
Mn (mg/L) 0.050 0.100 0.150 0.300 0.300 
Cr (mg/L) 0.020 0.050 0.100 0.150 0.150 
Fluorides (mg/L) 0.50 1.00 1.50 2.00 2.00 
Nitrates (mg/L) 5.00 10.00 20.00 30.00 30.00 
Total bacteria number (cfu/mL) 10.0 100.0 2000.0 300.0 300.0 
Total coliform counts ( /L) 0.0 3.0 10.0 100.0 100.0 
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Table 3. Water quality monitoring results of three spots. 
Evaluation indexes Monitoring 
spot 1 
Monitoring 
spot 2 
Monitoring 
spot 3 
Chroma (mg/L) 7.5 15.0 8.0 
Foul and taste 0.0 0.0 0.0 
Turbidity (NTU) 1.0 2.0 1.0 
Total dissolved solids (mg/L) 258.0 670.0 208.0 
Sulfate (mg/L) 21.6 221.0 25.5 
Chloride (mg/L) 11.5 271.0 12.7 
Total hardness (mg/L) 70.0 466.0 82.0 
Fe (mg/L) 0.10 0.25 0.21 
Mn (mg/L) 0.04 0.08 0.06 
Cr (mg/L) 0.008 0.040 0.010 
Fluorides (mg/L) 0.20 0.60 0.28 
Nitrates (mg/L) 1.80 12.50 1.40 
Total bacteria number (cfu/mL) 3.0 42.0 3.0 
Total coliform counts ( /L) 0.0 1.0 0.0 
 
According to the principle of SPA, the relationship of set pair ),( kl BAH  is constituted by lA and kB . 
Take the monitoring  point 1 as an example, the connection degree formula of the evaluation index can be 
obtained through Eq. (4).  
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Then, we put the data of Table 1 into the above equation, and the value of BAi , BAi , BAi , 
BAi
and BAi for monitoring point 1 is {0.9643, 0.3810, -0.9286, -0.9524, -0.9643}. In a similar 
way, the evaluation grade of every monitoring point may be computed using Eq. (5). The evaluation 
results were shown in Table 4.  
Table 4. Comparison of  VCDD with other methods. 
Monitoring spots Grade VCDD Grey correlation method [9] 
Monitoring spot 1 1.4373   
Monitoring spot 2 2.0822   
Monitoring spot 3 1.5507 -   
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For comparison, the assessment results from the grey correlation method [9] are also shown in Table 4. 
Table 4 indicates that the results from the grey correlation method are completely similar to VCDD model. 
In general, different methods may have their different properties and corresponding advantage and 
disadvantage. However, the proposed method in this paper has specific and significant advantage, namely 
not only considering the fuzzy of standard grade, but also avoiding the difficulty in determining the 
discrepancy uncertainty coefficient. Moreover, the proposed method has clear principle and simple 
calculation. Therefore the proposed method is feasible and effective and its results are acceptable. 
Compared with the grey correlation method, the new method is more comprehensive.  
4. Conclusions 
A new approach to water quality assessment of water supply networks, the varying coefficient of 
discrepancy degree (VCDD), has been proposed in this paper and successful used in assessment of water 
quality status of water supply networks. The results of this case are compared with the other methods, the 
conclusions are summarized as follows: 
(1) The proposed method is simple in concept and convenient to calculate and feasible for application, 
so the method can be used efficiently to evaluate water quality of water supply networks.  
(2) The evaluation results from the VCDD model that is proposed in this paper and from a grey 
correlation model are consistent. The VCDD model has comprehensively analyzed certainties and 
uncertainties, and its assessment result is more precise.   
(3) VCDD can nicely reflect the contrast and the composition within the same grade. There is high 
information utilization in this model. The case studies of water quality status assessment have shown that 
the method is effective and reliable, and is provided a science basis for policy decision of water quality 
evaluation of water supply networks.  
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